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A discussion on the viscoelastic properties of weakly attractive colloids and the relation to a newly developed percolation 
theory is presented. The need for taking into account the particle–particle bond lifetime in order to compare rheological 
and percolation estimates of the sol–gel transition is stressed. Recent molecular dynamics simulations and generalised 
percolation theory that use a bond lifetime criterion in the definition of aggregates show that the percolation transition can 
be reconciled with the rheological sol–gel transition. The percolation concept is used here as a “measuring” tool to assess 
the viscoelastic behaviour of the system. 
 
The sol–gel transition in colloidal systems is 
characterised by a change in viscoelestic behaviour: form 
liquid-like (sol) to solid-like (gel) [1]. This transition, 
however, is not discontinuous. Moreover, whether a 
viscous or an elastic behaviour is measured depends on 
the relaxation time scale assessed by the experimental 
test. This time scale is related to the oscillation frequency 
(if measuring complex shear modulus) or the shear-rate 
(for the shear viscosity). This paper focuses on weakly 
attractive colloids, which present thermoreversible 
gelation and need relatively high densities to gel. These 
types of systems are amenable of study under the 
equilibrium statistical mechanics theory. 
Percolation theory is aimed to describe the transition 
between a state where the system consists of a set of 
finite size aggregates to a state where an infinite 
spanning cluster connects the edges of the system [2]. 
Several applications of this concept to colloids have been 
described such as the insulator–conductor transition in 
water-in-oil microemulsions [3] and the abovementioned 
sol–gel transition [4].  
The classical picture that relates percolation with the 
sol–gel transition is exemplified in Fig. 1. Starting from a 
sol state, an increase in the volume fraction (φ ) of the 
particles leads to the formation of ever growing 
aggregates due to weak attractive particle–particle 
interactions. Eventually, one or more aggregates span the 
system. This spanning cluster(s) should be able to 
transmit stresses between opposite sides of the system. In 
doing so, the system would present a sharp increase in 
the complex shear modulus and would have undergone a 
transition from sol to gel. As more and more particles are 
incorporated to the spanning aggregate by a further 
increase in φ , the elastic behaviour of the system builds 
up due to the increasing strength of the particle network.  
This interpretation of relation between structural 
changes (percolation) and rheological changes (gelation) 
in colloidal systems has been used for decades. However, 
this classical picture does not take into account the fact 
that the same colloidal sample can present either liquid-
like or solid-like behaviour depending on the 
deformation-rate impose by the rheometer. Generally, at 
high deformation-rates the system tends to behave like a 
solid (high elastic modulus, low loss modulus and shear 
thinning response), whereas at low deformation-rates the 
system behaves like a liquid (low elastic modulus and 
Newtonian response). This deformation-rate effect is 
essential to understand the microscopic dynamics of the 
colloid. Any percolation theory aimed to describe the 
sol–gel transition has to be able to account for this effect. 
Otherwise, any agreement or disagreement between 
rheology and percolation can be overturned be simply 
using a different deformation-rate in the rheometer. This 
paper shows how a generalised percolation theory is able 
to describe the deformation-rate effect in the sol–gel 
transition. 
A schematic plot of the shear storage (elastic) 
modulus, G′ , and shear loss (viscous) modulus, G ′′ , as a 
function of the frequency, ω , is presented in Fig. 2a. In 
Fig. 2b, the corresponding shear viscosity, η , of the 
system is shown as a function of the shear-rate, γ . These 
general trends are followed by many weakly attractive 
colloids [5] at moderate φ  (roughly 0.15–0.45). The 
characteristic frequency, cω , at which GG ′′=′  and the 
characteristic shear-rate, cγ , at which the change from 
Newtonian (constant viscosity) to shear thinning are 
associated to a change from liquid-like to solid-like 
behaviour. Both quantities give roughly the same 
estimate for the characteristic relaxation time, 
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≈≈ γωτ  , of the system. Clearly, if a sol–gel 
transition line has to be defined on the temperature–
volume fraction ( T –φ ) phase space by using rheology, 
the working frequency, ω  (or the working shear-rate, 
γ ) of the rheometer will have a great effect on the 
position of this transition line. 
 
 
 
FIG. 1. The classical snapshot percolation transition. From (a) 
to (c), an increase in the volume fraction promotes aggregation 
of the particles. In (c), the first spanning (grey) cluster appears. 
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Indeed, working at very high frequencies (or very 
high shear-rates) will result in a sol-gel transition line at 
relatively low φ , since a solid-like response will be 
expected for cωω >> . Conversely, working at very low 
frequencies (or very low shear-rates) will result in a sol–
gel transition line at relatively high φ , since the system 
will have time to relax for cωω << . A proper 
comparison between the rheological sol–gel transition 
and its percolation transition analogue has remained 
elusive for weakly attractive colloids so far; probably 
due to this deformation-rate dependence of the sol–gel 
transition line that cannot be accounted for in the 
classical “snapshot” percolation theory. 
Computer simulation and connectedness theory to 
study the percolation —i.e. the appearance of a spanning 
cluster— for continuum systems have been used 
systematically since the paper by Coniglio and co-
workers [6]. The most noticeable system on which 
percolation studies [7] have concentrated in relation to 
colloids is the Baxter’s sticky spheres model [8]. A 
probably more realistic system investigated in the 
percolation literature is the square well system [9]. 
Generally, in Monte Carlo (MC) and molecular 
dynamics (MD) simulations, a system is said to be in a 
percolated state if 50% of the configurations (in MC) or 
50% of the time (in MD) a snapshot of the system shows 
a spanning cluster (or aggregate). A cluster is defined as 
a set of interconnected particles. This requires a 
connectivity criterion to decide whether two specific 
particles are directly connected (bonded) or not. For 
sticky spheres the criterion is “to be in contact”; for the 
square well system the connectivity criterion can be 
either, that the particles are within the range of the 
potential well, or that the relative potential energy 
outweighs the relative kinetic energy of the pair of 
particles. With more realistic continuum pair interaction 
this last criterion is preferred [10] although many studies 
use a simple connectivity distance [11].  
Since the classical snapshot percolation considers 
only the configuration of the system at any given time, 
any spanning aggregate detected is not guaranteed to last 
for any minimum period of time. In particular, at the 
percolation transition one expect that the spanning 
cluster will last for only an infinitesimal time. For a 
spanning cluster to transmit stresses across the system 
under shear, a minimum lifetime is necessary for the 
cluster to stretch under the externally imposed 
deformation. Of course, the more slowly the deformation 
is applied, the more long-lasting the cluster has to be in 
order to stretch and transmit the stress before thermal 
agitation breaks it up into disconnected sub clusters. 
Therefore, the percolation transition described by the 
classical snapshot percolation corresponds only to the 
infinite frequency (or infinite shear-rate) rheological sol–
gel transition, for which the assessed time scales are far 
shorter than the characteristic relaxation time, cτ , of the 
system. 
 
 
FIG. 2. (a) Storage, G′ , and loss, G ′′ , moduli as a function of 
the oscillation frequency, ω . (b) Shear viscosity, η , as a 
function of the shear-rate, γ . The liquid-like and the solid-like 
regimes are indicated along with the characteristic frecuency, 
cω , and characteristic shear-rate, cγ . 
 
It can be argued that, at the percolation transition, as 
a spanning cluster breaks up due to thermal agitation 
another cluster is formed to span the system. As a 
consequence, a spanning cluster is always present in the 
system to transmit stress. However, any newly formed 
spanning cluster has to deform before it can transmit 
stress and at a slow deformation-rate it will break up 
before it can be of any effect. 
Only recently [12,13], continuum percolation theory 
has been extended to account for the lifetime of the 
particle–particle bonds in the connectivity criterion. First 
of all, it has to be emphasized that the cluster size 
distribution —and the percolation transition in 
particular— is dependent on the connectivity criterion 
used to identify bonded pairs [14]. This does not mean 
that the system changes its behaviour —which is 
determined by the corresponding partition function—; 
rather, it is the cluster detection mechanism that changes. 
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Therefore, the choice of a particular connectivity 
criterion reflects the type of clusters in the system that 
one is trying to pick up. This also applies to any rheology 
experiment: the shear frequency (or the shear-rate) 
determines the timescales assessed and hence the type of 
structures that can make an impact on the shear modulus 
(or the shear viscosity). 
In Ref [12] the authors introduce a new connectivity 
criterion according to which two particles are said to be 
bonded if they remain within a certain distance, d , 
during a minimum period of time, τ . Molecular 
dynamics results for a Lennard–Jones system and a 
generalized integral equation theory to deal with this 
more complex connectivity criterion have been reported 
[13]. 
The new criterion is able to distinguish between 
aggregates having different lifetimes. By setting τ  to a 
non-zero value one can ensure that detected bonds 
between any pair of particles last for at least τ  seconds. 
Therefore, any cluster detected will last for at least τ  
seconds. This means that a spanning cluster of this type 
will survive over τ  seconds and will be able to transmit 
stresses when sheared at finite (as oppose to infinite) ω  
(or γ ). Moreover, the rheological sol–gel transition line 
drawn by using a finite ω (or γ ) value should coincide 
with the percolation line drawn by using an associated 
non-zero τ  value. 
In Fig. 3, the percolation line for a Lennard–Jones 
system [13] for two values of τ  (0 and 0.5 in reduced 
units) obtained by MD is shown. As expected, a non-zero 
value of τ  shifts the percolation line to higher densities. 
This is in qualitative agreement with the rheological sol–
gel transition line drawn at infinite ω (or γ ) (i.e. 0=τ ) 
and at a finite ω (or γ ) (i.e. 0>τ ). Recently, 
Zarragoicoechea et. al. [15] have obtain excellent 
agreement between this MD results and a generalized 
connectivity integral equation theory. Of course, a 
Lennard–Jones system is not appropriate to describe the 
behaviour of a colloidal system. However, this trend will 
be encountered for any other interacting potential. The 
application of the new percolation theory to new models 
that include activation barriers for the bond breakage in 
continuum [16] and lattice [17] systems would be of 
particular interest. 
As mentioned above, the infinite- ω (or γ ) limit 
corresponds to the classical “snapshot” percolation 
( 0=τ ). This zero-τ percolation line defines the 
minimum φ  required, at given T ,  to find at least one 
ephemeral spanning cluster. It would be interesting to be 
able to associate a physical meaning also to the zero-
ω (or γ ) limit (i.e. the infinite-τ  limit). One is tempted 
to infer that this limit constitutes the transition to a glass 
state. At ∞→τ ( 0=ω ), only a state where the system 
relaxes infinitely slowly will be perceived as solid-like. 
However, an exhaustive investigation on the percolation 
line for ∞→τ  has to be carried out before any 
conclusion can be drawn. 
 
FIG. 3. Temperature–volume fraction phase diagram for a 
Lennard–Jones system. Dotted line and full squares correspond 
to the gas–liquid coexistence line [18]. Solid line and open 
symbols correspond to the percolation line for 0=τ  (circles) 
and εστ /5.0 m=  (triangles) [13]. The connectivity 
distance is σ5.1=d . Here, m , ε  and σ  are the mass of the 
particles, the energy parameter in the Lennard–Jones potential 
and the diameter of the particles, respectively. Temperature is 
in reduced units: ε/B
* TkT =  
 
In summary, the introduction of a bond lifetime 
prerequisite in the connectivity criterion in the 
percolation theory allows to account for the deformation-
rate effect in the rheological sol–gel transition line on the 
T –φ  phase diagram. Since experiments on gelation are 
generally performed at finite working frequency (or 
shear rate) the classical “snapshot” percolation line 
( 0=τ , ∞→ω ) will always be at the left (lower φ ) of 
the experimental results (see for example figure 13 in 
Ref. [19]). The new connectivity criterion will certainly 
shift the percolation line towards the rheological sol–gel 
transition line as soon as a non-zero value for τ  is 
introduced. The exact mathematical relation between 
ω (or γ ) and τ  remains to be defined. However, recent 
molecular dynamics simulations [20] of the shear of 
Lennard–Jones particles suggest that, for this system at 
least, 107.0 −= γτ  . At present we are working in the 
simulation of the rheology and percolation properties of 
colloidal systems using existing Brownian dynamics 
models [21] to shed light on this relation. 
As a final comment, it is worth mentioning that many 
microscopy studies on gels have failed to correlate the 
gel structure with the rheology of the system. From the 
previous discussion it can be argue that microscopy 
suffers from the same drawback as the classical snapshot 
percolation theory, namely, a lack of control over the 
timescales assessed. It would be interesting to investigate 
the structures seen under the microscope if images are 
taken with different exposure times. One can expect that 
long exposure time images will correlate with low 
deformation-rate rheology, whereas short exposure time 
4 
images will correlate with high deformation-rate 
rheology. 
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